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Abstract
Models of black holes in (1 + 1)-dimensions provide a theoretical laboratory for the
study of semi-classical effects of realistic black holes in Einstein’s theory. Important
examples of two-dimensional models are given by string theory motivated dilaton grav-
ity, by ordinary general relativity in the case of spherical symmetry, and by Poincare´
gauge gravity in two spacetime dimensions. In this paper, we present an introductory
overview of the exact solutions of two-dimensional classical Poincare´ gauge gravity
(PGG). A general method is described with the help of which the gravitational field
equations are solved for an arbitrary Lagrangian. The specific choice of a torsion-
related coframe plays a central role in this approach. Complete integrability of the
general PGG model is demonstrated in vacuum, and the structure of the black hole
type solutions of the quadratic models with and without matter is analyzed in de-
tail. Finally, the integrability of the general dilaton gravity model is established by
recasting it into an effective PGG model. file tworev8.tex, 1998-07-14
1 Introduction
Standard General Relativity (GR) is trivial in two dimensions. Nevertheless,
two–dimensional (2D) models of gravity which differ from GR have recently
received considerable attention [2]-[35]. The interest in 2D gravity is strongly
supported by the fact that usual four-dimensional GR, in the case of spherical
symmetry, is described by an effective 2D gravitational model of the dilaton
type. Such a dimensional reduction provides a technical tool for the study of
long standing problems in black hole physics, including an understanding of the
final state of a black hole with an account of the back reaction of the quantum
evaporation process, see [9, 5, 35]. On the other hand, lower–dimensional black
hole physics is discussed in the context of string theory motivated dilaton gravity
(see, e.g., [9, 15, 18, 19, 20, 28, 30, 27, 34]) and in the framework of PGG
(“Poincare´ gauge gravity”) [1]-[8],[29, 31, 33],[37]-[41]. The approaches [1]-[8] are
attempts to construct string theories with a dynamical geometry [10]-[17],[33].
In this paper we present an overview of the black hole solutions in classical
two–dimensional PGG. At the same time, 2D gravity is of interest in itself
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as a theoretical laboratory which offers a simple way to study difficult non-
perturbative quantization problems [13].
In the studies of both, classical and quantized 2D models, it is of crucial
importance to find exact solutions of the field equations. Here we describe an
elegant method developed in [29]-[41] with the help of which one can explicitly
integrate the field equations of classical PGG with and without matter sources.
The central point is to use a specific coframe built up from the one–form of
the torsion trace and its Hodge dual. The early proofs of the integrability of
the quadratic PGG models in vacuum were based on the component approach
and relied on specific gauge choices, like the conformal or the light-cone gauge
[10]-[26]. The coupling to gauge, scalar, and spinor matter fields was shown
to destroy the integrability in general. A peculiar but common feature of the
standard matter sources (gauge, scalar, and spinor fields) in two dimensions
is that for all of them the spin current vanishes. Thus, quite generally, the
Lorentz connection is explicitly decoupled from 2D matter. Hence the material
energy–momentum current is symmetric and covariantly conserved with respect
to the Riemannian connection. The absence of the spin–connection coupling
considerably facilitates the integration of the field equations.
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Fig. 1: Two-dimensional spacetime: A 0-form (scalar) Φ has one component, a
1-form Ψ two components, and a 2-form ω one component. A vector v
has two components, a bivector w one component.
The structure of the paper is as follows: Sec. 2 contains an introduction
to 2D Riemann-Cartan geometry. In Secs. 3 and 4, we demonstrate the in-
tegrability of PGG with an arbitrary gravitational Lagrangian and prove the
consistency of our method in general. As a particular application, a quadratic
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Fig. 2: Two-dimensional Riemann-Cartan spacetime: Coframe ϑα (2 compo-
nents), connection Γαβ = −Γβα (2 components), torsion Tα (2 compo-
nents), curvature Rαβ = −Rβα (1 component). Here, ϑα = {ϑ0ˆ, ϑ1ˆ} is a
natural coframe, i.e., ϑ0ˆ = dx0, ϑ1ˆ = dx1.
model with an action containing squares of torsion and curvature is discussed
in vacuum (Sec. 5) and in the presence of conformally invariant matter (Sec. 6).
The properties of the exact solutions of black hole type are described in detail.
Finally, in Sec. 7, we apply the general method to the (purely Riemannian)
string theory motivated dilaton gravity models by rewriting them in form of
an effective Poincare´-Brans-Dicke theory. The general solution of an arbitrary
two-dimensional dilation gravity model is obtained in explicit form.
2 Two-dimensional Riemann-Cartan spacetime
The Riemann–Cartan geometry has rather remarkable properties in two dimen-
sions, see Fig.1.
In the PGG approach, the orthonormal coframe one–form ϑα and the linear
connection one-form Γαβ are considered to be the translational and the Lorentz
gauge potentials of the gravitational field, respectively. The corresponding field
strengths are given by the torsion two-form Tα := Dϑα and the curvature two-
form Rαβ := dΓαβ − Γαγ ∧ Γγ
β , see Fig.2. The frame eα = e
i
α ∂i is dual to the
coframe ϑβ = ej
β dxj , i.e., eα⌋ϑ
β = eiα ei
β = δβα. The spacetime manifold M is
equipped with a metric
g = gij dx
i ⊗ dxj . (2.1)
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Thus its coframe components satisfy
oαβ = e
i
α e
j
β gij , (oαβ) = diag(−1,+1). (2.2)
In an orthonormal frame, the curvature, like the connection, is antisymmetric
in α and β.
Tab. 1: Gauge field strengths, matter currents, and η–basis
Type Components
Object Valuedness p–form n-dimensions n = 2
Tα vector 2 n2(n− 1)/2 2
Rαβ bivector 2 n2(n− 1)2/4 1
Σα vector n− 1 n2 4
ταβ bivector n− 1 n2(n− 1)/2 2
ηα vector n− 1 n2 4
For a 2D Riemann–Cartan space, as we can take from Table 1, we have two
translation generators and one rotation generator. This allows us to introduce a
Lie (or right) duality operation, that is, a duality with respect to the Lie–algebra
indices, which maps a vector into a covector, and vice versa:
ψ⋆α := ηαβ ψ
β , ψα = ηαβ ψ⋆β . (2.3)
Here the completely antisymmetric tensor is defined by ηαβ :=
√
| det oµν | ǫαβ ,
where ǫαβ is the Levi–Civita symbol normalized to ǫ0ˆ1ˆ = +1 (a circumflex on
top of a number identifies the number as an anholonomic or frame index). For
ψβ = ϑβ we get ηα := ∗ϑα = ϑ
⋆
α, where ∗ denotes the Hodge (or left) dual. Using
the Lie (or right) duality in two dimensions, we can appreciably compactify the
notation, see Table 2.
Local Lorentz transformations are defined by the 2 × 2 matrices Λβ
α(x) ∈
SO(1, 1),
Λα
β = δβα coshω + ηα
β sinhω. (2.4)
Tab. 2: 2D geometrical objects
n=2 Valuedness p–form Components
Γ⋆ := (1/2) ηαβ Γ
αβ scalar 1 2
tα := ∗Tα vector 0 2
T := eα⌋T
α scalar 1 2
t2 := oαβ t
α tβ scalar 0 1
R⋆ = dΓ⋆ scalar 2 1
R := eα⌋eβ⌋R
αβ scalar 0 1
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The gauge transformations of the basic gravitational field variables read
ϑ′α = (Λ−1)β
α ϑβ = ϑα coshω − ηα sinhω, (2.5)
Γ′α
β = Λα
γΓγ
δ(Λ−1)δ
β − Λα
γd(Λ−1)γ
β = Γα
β + ηα
βdω,(2.6)
or Γ⋆′ = Γ⋆ − dω. (2.7)
The curvature 2–form has only one irreducible component, and it can be
expressed in terms of the curvature scalar R := eα⌋eβ⌋R
αβ :
Rαβ = −
1
2
R ϑα ∧ ϑβ . (2.8)
In two dimensions torsion is irreducible and reduces to its vector piece
Tα = −tαη, (2.9)
where the vector–valued torsion zero–form tα is defined via the Hodge dual
tα := ∗Tα. (2.10)
When the torsion square is not identically zero, i.e. t2 := tα t
α 6= 0, we call
the corresponding manifold M a non-degenerate Riemann–Cartan spacetime.
In this case, using the scalar-valued torsion one–form T := eα⌋T
α, we can write
a coframe as
ϑα = −
1
t2
(
T ηαβ tβ + ∗T t
α
)
= −
1
t2
(T t⋆α + ∗T tα) . (2.11)
Thus, the torsion one–form T and its dual ∗T specify a coframe with respect
to which one can expand all the 2D geometrical objects. When t2 6= 0, this
coframe is non-degenerate, hence the terminology of a non-degenerate Riemann–
Cartan space. In this case, the volume two–form can be calculated, in the
non-degenerate case, as an exterior square of the torsion one–form T :
η :=
1
2
ηαβ ϑ
α ∧ ϑβ =
1
t2
∗T ∧ T. (2.12)
Defining a coframe of a 2D Riemann-Cartan spacetime in terms of the tor-
sion one–form turns out to be extremely convenient, and, in fact, underlies the
integrability of the 2D gravity models with and without matter.
3 The field equations of PGG: invariant formulation
The total action of the interacting matter field Ψ and the PGG fields in two
dimensions reads
W =
∫ [
L(ϑα,Ψ, DΨ)+ V (ϑα, Tα, Rαβ)
]
, (3.13)
where the matter Lagrangian two–form L will be specified later.
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One can prove that torsion and curvature can enter a general gravitational
Lagrangian V only in form of the scalars t2 := oαβ t
αtβ and R. The gravitational
Lagrangian density is denoted by V := ∗V . Then the general gauge invariant
PGG Lagrangian reads
V (ϑα, Tα, Rαβ) = V (ϑα, t2, R) = −V(t2, R) η. (3.14)
The partial derivatives
P := −2
(
∂V
∂t2
)
, κ := 2
(
∂V
∂R
)
, (3.15)
i.e. the generalized gravitational field momenta (‘excitations’), define two func-
tions P = P (t2, R) and κ = κ(t2, R) which are assumed to be smooth and
nontrivial: P 6= 0, κ 6= 0.
x0-axis
ταβ
Σ
α
x
1
-axis
Fig. 3: Energy-momentum current Σα (4 components) and spin current ταβ (2
components) in two-dimensional spacetime.
The variational derivatives
Σα :=
δL
δϑα
, ταβ :=
δL
δΓαβ
, (3.16)
yield the energy–momentum and the spin one–forms of matter, respectively,
see Fig.3. Using the right duality, one straightforwardly replaces the bivector–
valued spin by the scalar–valued one–form τ⋆ := 12ηαβ τ
αβ . Similarly, instead
of using the vector-valued energy-momentum one-form Σα, it turns out to be
more convenient to introduce two scalar-valued one-forms
S := tαΣα, S
⋆ := tα η
αβΣβ = t
⋆αΣα. (3.17)
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Analogously to (2.11), which expresses the coframe in terms of T and ∗T , one
can rewrite the energy–momentum current in terms of S and S⋆:
Σα =
1
t2
(
tα S + ηαβt
β S⋆
)
=
1
t2
(tα S + t
⋆
α S
⋆) . (3.18)
If we use the Hodge star, we find by straightforward algebra
S⋆ + ∗S = ∗(ϑα ∧ Σα) ∗T − ∗(η
α ∧Σα)T. (3.19)
Let us recall that ϑα ∧Σα describes the trace of the energy-momentum whereas
ηα ∧Σα represents its antisymmetric part. The latter is related to the spin via
the second Noether identity:
2 dτ⋆ = ηα ∧ Σα. (3.20)
The general field equations of PGG arise from independently varying (3.13)
with respect to the coframe ϑα and the connection Γαβ. Remarkably, these
equations can be rewritten in a completely coordinate and gauge invariant form
d(P 2 t2) = 2P (V˜ T + S), (3.21)
d(P ∗T ) = (P t2 − 2 V˜) η + ϑα ∧ Σα, (3.22)
dκ = −P T + 2τ⋆, (3.23)
Pt2(Γ⋆ + du) = V˜ ∗T + S⋆, (3.24)
where
V˜ := V + P t2 −
1
2
κR (3.25)
is the so–called modified Lagrangian function and
t2 du := ηαβ t
αdtβ . (3.26)
The term du in (3.24) is physically irrelevant, since a 2D Lorentz transformation
can create such an Abelian shift, see (2.7). In (3.21)-(3.24), the source terms of
the matter field Ψ are represented by S and S⋆, by the energy–momentum trace
ϑα ∧Σα, and by the spin τ
⋆. We marked them in the field equations by letters
in boldface. Besides the gravitational field equations, we have the matter field
equation. For matter described by a p–form field Ψ it reads
δL
δΨ
=
∂L
∂Ψ
− (−1)pD
∂L
∂DΨ
= 0. (3.27)
As we have seen, the system (3.21)-(3.24) involves the energy–momentum
one–forms S and S⋆ as sources. They satisfy the following equations which can
be derived from the Noether identities:
d(PS) = T ∧ P (S −Rτ⋆) +
1
2
V˜ dτ⋆, (3.28)
d(PS⋆) = T ∧ P (S⋆ +R ∗τ⋆) +
2
t2
S ∧ S⋆ +
(
V˜ − Pt2
)
ϑα ∧ Σα.(3.29)
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In 2D, the specific feature of standard matter (scalar, spinor, Abelian and
non–Abelian gauge fields) is that the spin current is zero:
ταβ = 0 (standard matter) . (3.30)
Thus only the canonical energy–momentum one–form Σα enters the gravita-
tional field equations as a source. Moreover, in view of (3.20), it becomes
symmetric: ηα ∧ Σα = 0. In this paper, we limit ourselves to the discussion of
massless, conformally invariant matter models. Then we have
ϑα ∧ Σα = 0 (massless, conformally invariant matter) , (3.31)
and the corresponding terms drop out from the field equation (3.22) and the
Noether identity (3.29). Consequently, only S is left as a source. From now
on, we will specialize to this physically most interesting case obeying (3.30) and
(3.31). Under these conditions, (3.19) simply reduces to
S⋆ + ∗S = 0. (3.32)
Accordingly, the complete system (3.21)-(3.24) and (3.28)-(3.29), with (3.30)
and (3.31), should be jointly solved with the matter field equation (3.27).
Consistency check of the invariant formulation
As it is clearly suggested by the field equation (3.23), the function κ of the
Riemann-Cartan curvature R (and, in general, of t2) can be conveniently treated
as one of the local coordinates on a two–dimensional manifoldM . However, one
has always to check the consistency of the scheme by explicitly calculating the
curvature from the connection which itself is obtained from the field equations.
This was done for the vacuum solutions of the general PGG model in [29] and for
non-vacuum solutions of the quadratic models in [31]. Here we will demonstrate
consistency in general, for arbitrary matter sources and arbitrary gravitational
Lagrangian. We consider the non-trivial non-degenerate case with t2 6= 0.
Eq.(3.24) yields the general solution for the Lorentz connection. Starting
from the definitions (3.15) and using (3.23), it is straightforward to compute
the differential of the modified Lagrangian:
d V˜ =
1
2
(
1
P
d(P 2t2) +RPT
)
−Rτ⋆. (3.33)
With the help of this relation and eqs.(3.21), (3.22), (3.29), (3.19), one finds
d[P (V˜ ∗T + S⋆)] =
1
P 2t2
d(P 2t2) ∧ [P (V˜ ∗T + S⋆)] +
1
2
RP 2T ∧ ∗T . (3.34)
The consistency proof is completed by taking the exterior differential of the left-
and right-hand sides of equation (3.24). With the help of (3.33) and (3.34), this
yields
dΓ⋆ = −
1
2
Rη.
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4 Exact solutions of PGG with arbitrary gravitational
Lagrangian
The two cases of two–dimensional PGG should be treated separately, the de-
generate case with t2 = 0 and the non–degenerate one with t2 6= 0. We will
formulate our answers for matter sources obeying (3.30) and (3.31).
4.1 Degenerate torsion solutions
If t2 = 0, the torsion one–form is either self- or anti-self-dual,
T = ± ∗T. (4.35)
Then (3.22) and (3.23) yield V˜ = 0. This in turn, with (3.25) and (3.15), yields
f(R) := V −R
∂V
∂R
= 0. (4.36)
For a given Lagrangian V = V(R), the t2-dependence drops out because of the
degeneracy, the solutions of f(R) = 0 determine some R = R1, R = R2, . . .
Therefore the curvature is constant, R = const and, by implication, also the
R-dependent Lorentz field momentum, κ = const. Then, from (3.23), one finds
T = 0. Finally, an analysis of the matter field equation and of the Noether
identities shows that only trivial matter configurations are allowed: A constant
field in the case of a zero–form Ψ, e.g..
Summarizing, we see that the degenerate solutions of PGG reduce to the
torsionless de Sitter geometry,
Tα = 0, R = const, Ψ = const, (4.37)
where the constant values of the curvature are roots of equation (4.36). Inci-
dentally, the same turns out also to be true for some conformally non-invariant
matter, for a massive scalar field with arbitrary self–interaction, e.g.. In the
rest of the paper we will mainly consider the non-degenerate case with t2 6= 0.
4.2 Non-degenerate vacuum solutions
Let us now specialize to the vacuum field equations. Accordingly, in (3.21)-
(3.23) we have to put S = 0, ϑα ∧ Σα = 0, and τ
⋆ = 0. The formal general
solution is obtained as follows: Let us introduce a coordinate system (κ, λ)
which is related to the torsion 1-form basis (T, ∗T ) via
P T = −dκ, P ∗T = Bdλ, (4.38)
with some function B(κ, λ). Consequently, the volume 2–form is given by
η =
B
P 2t2
dκ ∧ dλ, (4.39)
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cf. (2.12). The first equation in (4.38) is simply the field equations (3.23).
Substitution of the ansatz (4.38) into (3.21) and (3.22) results in
∂
∂κ
(P 2t2) = −2V˜,
∂
∂λ
(P 2t2) = 0, (4.40)
∂
∂κ
lnB =
∂
∂κ
ln(P 2t2) +
1
P
. (4.41)
Formal integration of (4.41) yields the solution
B = B0(λ)P
2t2 exp
(∫
dκ
P
)
, (4.42)
where B0(λ) is an arbitrary function of λ only.
Provided the gravitational Lagrangian V , and hence P , is smooth, there
always exists a solution of the first order ordinary differential equations (4.40).
This describes P 2t2 as a function of κ and λ, thus completing our formal demon-
stration of the integrability of the general two-dimensional vacuum PGG. The
complete non-degenerate vacuum solution is evidently of the black hole type
with the metric
g = −
dκ2
P 2t2
+ P 2t2 exp
(
2
∫
dκ
P
)
dλ2. (4.43)
Here, without restricting generality, we put B0 = 1. Torsion and curvature
for our solution are obtained by inverting the relations P = P (t2, R), κ =
κ(t2, R) → t2 = t2(P, κ), R = R(P, κ). For the solution to be unique, one
must assume the relevant Hessian ( ∂
2V
∂t2∂t2 ,
∂2V
∂R∂R ) to be non-degenerate. It is
straightforward to derive from (3.24) the curvature scalar of the general solu-
tion:
R =
P 2t2
B
∂
∂κ
(
B
P 2t2
∂
∂κ
(P 2t2)
)
. (4.44)
The position of the horizon(s) is evidently determined by the zeros of the
metric coefficient gλλ = P
2t2 exp
(
2
∫
dκ/P
)
. It is impossible to say more with-
out explicitly specializing the gravitational Lagrangian. An important particular
case is represented by quadratic PGG which will be discussed in the next two
sections.
5 Exact vacuum solutions of PGG with quadratic
gravitational Lagrangian
Let us now analyze two-dimensional PGG with a gravitational Lagrangian qua-
dratic in torsion and curvature,
V = −
(
a
2
Tα ∗T
α +
1
2
Rαβηαβ +
b
2
Rαβ ∗R
αβ
)
− Λ η. (5.45)
Here a, b, and Λ are the coupling constants. Using (5.45) in (3.15), we find:
P = a, κ = bR− 1. (5.46)
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The modified Lagrangian function reads
V˜ =
a
2
t2 −
b
4
R2 + Λ. (5.47)
We will concentrate here on vacuum solutions. The general scheme for an
arbitrary Lagrangian V was given in the previous section. The degenerate so-
lutions (4.37) are de Sitter spacetimes:
Tα = 0, R = ±RdS, RdS := 2
√
Λ
b
. (5.48)
Also the non-degenerate solutions can be easily obtained. Substituting (5.46)-
(5.47) into (4.40), we explicitly find for the scalar torsion square
− t2 = 2M0 e
−bR/a −
b
2a
R2 +R +
2Λ
a
−
a
b
. (5.49)
The integration constant M0 has the physical meaning of the mass of a
point-like source. This can be derived from the existence of the timelike Killing
vector field ζ = ∂λ which yields the conserved energy–momentum 1–form
εRC := ζ
αΣα = −e
bR/a
(
1
2
d(t2) +
1
a2
V˜ dκ
)
. (5.50)
This 1–form is strongly conserved, i.e. dεRC = 0 even when the field equations
are not fulfilled. One can verify that
εRC = dM, M := −
ebR/a
2
(
t2 −
b
2a
R2 +R+
2Λ
a
−
a
b
)
. (5.51)
When the vacuum field equations are satisfied, εRC = 0, and thus M = M0.
Black hole structure of non-degenerate spacetimes
The degenerate solutions are torsionless de Sitter spacetimes with constant Rie-
mannian curvature RdS, see (5.48). The properties of the non-degenerate solu-
tions are obviously defined by the values of the coupling constants (a, b,Λ) and
by the value of the first integral M0. Let us denote
M± :=
e∓bRdS/a
2
(a
b
±RdS
)
. (5.52)
We recognize that always M− ≤ M+, equality is achieved only for vanishing
cosmological constant: M− = M+ = a/(2b) for RdS = Λ = 0. For sufficiently
large Λ, namely when Λ > a2/(4b) (or, equivalently, RdS > a/b) one finds
negative M−, otherwise M± ≥ 0. The special case Λ = a
2/(4b) in a de Sitter
gauge gravity model was discussed in [36, 38] (then RdS = a/b and M− = 0).
As we already know, the spacetime metric is given by the line element (4.43)
with (5.46) and (5.49) inserted. Clearly, instead of κ, we can use the scalar
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Fig. 4: Metric coefficient g(x) := gλλ/RdS as a function of x := R/RdS: Moving
from upper to lower curves corresponds to the cases (i)-(v), respectively.
curvature R as a spatial coordinate. Another convenient choice is a “radial”
coordinate
r := exp
(
b
a
R
)
. (5.53)
The meaning of the quantities (5.52) becomes clear when we analyze the
metric coefficient
gλλ = −2M0 e
bR/a + e2bR/a
(
b
2a
R2 − R−
2Λ
a
+
a
b
)
. (5.54)
Its zeros define the positions of the horizons Rh,
gλλ(Rh) = 0. (5.55)
At R = −∞, we have gλλ = 0. However, this point is not a horizon but a true
singularity with infinite curvature. This corresponds to r = 0 which one can
consider as the position of a central point-like source mass. Such a singularity
is, in general, hidden by the horizons.
The position, the number, and the type of horizons are completely deter-
mined by the total mass M0. We can distinguish five qualitatively different
configurations:
(i) M0 < M−: one horizon at
Rh < −RdS. (5.56)
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(ii) M0 = M−: two horizons at
Rh1 < −RdS, Rh2 = RdS. (5.57)
(iii) M− < M0 < M+: three regular horizons at
Rh1 < −RdS < Rh2 < RdS, Rhc > RdS. (5.58)
(iv) M0 = M+: two horizons at
Rh1 = −RdS, Rh2 > RdS. (5.59)
(v) M0 > M+: one regular horizon at
Rh > RdS. (5.60)
Here we have assumed M0 > 0 which is physically reasonable. For zero or
negative values ofM0, the smallest horizons disappear for the cases (i), (ii), and
(iii). In Fig. 4, the function (5.54) is depicted for Λ = a
2
16b and positive values
of M0.
The geometry of these solutions is obtained by an appropriate gluing of a
charged black hole to a de Sitter spacetime. In (iii), the largest R, namely
Rhc , describes the cosmological event horizon which hides de Sitter singularity
at R = ∞ (r = ∞) from an observer at R < Rhc . Other horizons, with
Rh1,2 , describe the charged black hole. The cases (ii) and (iv) correspond to the
extremal Reissner-Nordstro¨m black hole.
The Hawking temperature of the black holes is related to their surface grav-
ity. The latter can be straightforwardly calculated from the knowledge of the
timelike Killing vector ζ = ∂λ:√
−
1
2
(∇iζj)(∇iζj)
R = Rh
=
b
2a2
(
Rh
2 −RdS
2
)
. (5.61)
The temperature vanishes for the extremal black hole configurations (ii) and
(iv).
It seems worthwhile to mention that gλλ reaches a local maximum at Rh1
[case (iv)], and a local minimum at Rh2 [case (ii)], when M− 6= M+. For
M− = M+, the three cases (ii), (iii), and (iv) degenerate to a configuration with
a horizon at Rh1 = Rh2 = 0, which is an inflexion point of gλλ. The qualitative
behavior is given in Fig. 5 for positive values of M0.
6 Quadratic PGG with massless matter
6.1 Massless fermions
Dirac spinors in two dimensions have two (complex) components,
ψ =
(
ψ1
ψ2
)
. (6.62)
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Fig. 5: The case RdS = Λ = 0: The metric coefficient g(y) := gλλb/a is plotted
as a function of y := Rb/a. Upper, central, and lower curves describe
the cases (i), (ii)-(iv), and (v), respectively.
The spinor space at each point of the spacetime manifold is related to the
tangent space at this point via the spin-tensor objects. In the approach with
Clifford–algebra valued forms, the central object is the Dirac one–form
γ = γαϑ
α , (6.63)
which satisfies
γ ⊗ γ = g, γ ∧ γ = −2γ5η. (6.64)
The γ5 matrix is implicitly defined by
∗ γ = γ5γ. (6.65)
We are using the following explicit realization of the Dirac one–form:
γ :=
(
0 −(ϑ0ˆ − ϑ1ˆ)
(ϑ0ˆ + ϑ1ˆ) 0
)
. (6.66)
The Dirac matrices γα satisfy the usual identity γαγβ + γβγα = 2gαβ.
The gauge and coordinate invariant Lagrangian two–form for the massless
Dirac spinor field can be written in the form
L =
i
2
(ψ¯ γ ∧ dψ + dψ¯ ∧ γ ψ). (6.67)
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It is well known that in two dimensions there is no interaction of spinors with
the Lorentz connection, and the above Lagrangian contains ordinary exterior
differentials and not the covariant ones. Nevertheless, the theory is explicitly
invariant under local Lorentz rotations.
The (Dirac) field equation is obtained from the variation of L with respect
to ψ¯ and reads
γ ∧ dψ −
1
2
(dγ)ψ = 0. (6.68)
The degenerate case was described in Sec. 4.1. Here we assume that t2 6=
0. Thus the one–forms T and ∗T can be treated as the coframe basis in a
two–dimensional Riemann-Cartan spacetime. In the explicitly gauge invariant
approach, it is convenient to define, instead of the original spinor (6.62), two
complex (four real) Lorentz invariant functions:
ϕ1 = u1 + iu2 :=
√
(t0ˆ + t1ˆ)ψ1, ϕ2 = v1 + iv2 :=
√
(t0ˆ − t1ˆ)ψ2. (6.69)
The Dirac equation (6.68) yields for the real variables uA, vA, A = 1, 2 (using
(2.11))
d
[uAuB
t2
(T − ∗T )
]
= 0, d
[vAvB
t2
(T + ∗T )
]
= 0. (6.70)
This can be immediately integrated. In particular, the Poincare´ lemma (locally)
guarantees the existence of two real functions. We denote them by x and y, such
that
|ϕ1|
2
t2
(T − ∗T ) = dx,
|ϕ2|
2
t2
(T + ∗T ) = dy. (6.71)
This evidently provides local null coordinates (x, y) for the spacetime manifold.
Introducing the phases of the complex spinor components explicitly,
ϕ1 = |ϕ1|e
iα, ϕ2 = |ϕ2|e
iβ, (6.72)
we find, using (6.70), that these phases depend only on one of the above vari-
ables,
α = α(x), β = β(y). (6.73)
This construction gives the general exact solution of the massless Dirac equation
in an arbitrary two–dimensional Riemann–Cartan spacetime.
The energy–momentum one–form is straightforwardly obtained,
S = A1(T − ∗T ) +A2(T + ∗T ), (6.74)
where we denoted
A1 := −
dα
dx
|ϕ1|
4
t2
, A2 := −
dβ
dy
|ϕ2|
4
t2
. (6.75)
In (6.74), we have S⋆ = − ∗ S, well in accordance with (3.32).
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6.2 Massless bosons
Let us now turn to a gravitationally coupled massless scalar field φ with the
Lagrangian two–form
L = −
1
2
dφ ∧ ∗ dφ. (6.76)
Variation with respect to φ yields the Klein-Gordon equation:
∗ d ∗dφ = 0. (6.77)
In non-degenerate spacetimes with t2 6= 0, we can use the torsion coframe
basis and can write, in the most general case,
dφ = Φ1(T − ∗T ) + Φ2(T + ∗T ), (6.78)
with some functions Φ1,2. We substitute (6.78) into the Klein-Gordon equation
(6.77). Then it turns out that locally there exists such a scalar function z that
Φ1(T − ∗T )− Φ2(T + ∗T ) = d z. (6.79)
This describes a general solution of the Klein–Gordon equation.
For the energy-momentum one–form S we get, similarly to (6.74),
S = A1(T − ∗T ) +A2(T + ∗T ), (6.80)
where now
A1 = −t
2Φ21, A2 = −t
2Φ22. (6.81)
6.3 Chiral solutions
Both, the massless Dirac equation and the massless Klein–Gordon equation,
admit chiral solutions. For fermions chirality means that only one component
of the spinor field is nontrivial. For bosons chirality can be formulated in terms
of self- or anti-self-duality of the “velocity” one–form dφ. In both cases, the
field equations describe right- or left-moving configurations. In this section
we describe the corresponding gravitational field for the quadratic PGG model
(5.45).
Let us assume that ϕ2 = ψ2 = 0 for the fermion and Φ2 = 0 for the boson
field. Then A2 = 0 in (6.75) as well as in (6.81). Hence the energy–momentum
one–form S is anti-self-dual S⋆ = S. These are chiral configurations.
The integrals (6.71) and (6.79),
T − ∗T =
t2
|ϕ1|2
d x (spinor), T − ∗T =
1
Φ1
d z (scalar), (6.82)
together with the equations (3.23), (5.46), suggest a natural interpretation of the
variables R and x (or R and z, respectively,) as two local spacetime coordinates.
Clearly, x and z are different in each case, but we can unify the two problems
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without risk of confusion. For the torsion coframe the equations (6.82) and
(3.23) explicitly yield
∗ T = −
(
b
a
dR+Bdx
)
, T = −
b
a
dR, (6.83)
for the vacuum case, see (4.38). Hence the volume two–form reads
η =
1
t2
∗T ∧ T =
bB
at2
dx ∧ dR, (6.84)
and the spacetime metric is given by
g =
1
t2
[(
Bdx+
b
a
dR
)2
−
b2
a2
dR2
]
. (6.85)
Here we use the unifying notation
B =
t2
|ϕ1|2
. (6.86)
for fermions, while for bosons this function relates the two coordinate systems
via dz = Φ1B dx.
The spacetime geometry is completely described when one solves the field
equations (3.21)-(3.23), (3.28)-(3.29), thus finding the functions t2 and B ex-
plicitly. By means of (6.74) and (6.80), the energy–momentum one–form turns
out to be
S = Adx, (6.87)
where
A := −|ϕ1|
2 dα
dx
(spinor), A := −t2BΦ21 (scalar). (6.88)
Substituting (6.87), (6.83) into (3.21)-(3.23) and (3.28), one finds
∂t2
∂R
= −
2b
a2
V˜ ,
∂t2
∂x
=
2
a
A, (6.89)
1
b
∂ lnB
∂R
+
1
a
−
2
a2t2
V˜ = 0, (6.90)
∂A
∂R
+
b
a
A = 0. (6.91)
The equation (3.29) is redundant. This can be compared with the vacuum case
(4.40),(4.41).
The system (6.89)-(6.91) is solved by
A = f(x) e−bR/a, (6.92)
B = B0(x) t
2ebR/a, (6.93)
− t2 = 2M(x) e−bR/a −
b
2a
R2 +R +
2Λ
a
−
a
b
, (6.94)
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where
M(x) := −
1
a
∫
f(x)dx, (6.95)
with the arbitrary functions f(x) and B0(x). Without loss of generality we can
put B0 = 1 since a redefinition of x is always possible. For completeness, let us
write down the Lorentz connection. Inserting (6.92)-(6.94) into (3.24), we find
Γ⋆ = du˜ +
ebR/a
2
(
R−
a
b
)
dx, (6.96)
where u˜ is a pure gauge contribution.
The gravitational field defined by (6.92)-(6.94) has the same form for chiral
fermionic and bosonic sources. However, the function f(x) is different for each
particular physical source.
For fermions combining (6.93), (6.86), (6.92), and (6.88), we find
|ϕ1|
2 = e−bR/a, f(x) = −
dα
dx
. (6.97)
Hence the solution for the chiral fermion field, in terms of its invariant complex
component, reads
ϕ1 = exp
(
−
b
2a
R+ iα(x)
)
, (6.98)
whereas the metric is described by (6.85) with B as specified in (6.93) and
M(x) =
α(x)
a
+M0, (6.99)
where M0 is an arbitrary integration constant.
For bosons, combining (6.92)-(6.93) with (6.88) and (6.78), one finds
f(x) = −(Φ1B)
2 = −
(
dφ
dx
)2
, (6.100)
and the scalar field φ(x) remains an arbitrary function of x.
The physical meaning of the solutions obtained is clear. In Sec. 5 it was
shown that the structure of a static black hole in vacuum is determined by
the value of the total mass M0 entering the torsion square (5.49). The massless
chiral (fermionic and bosonic) matter contributes a variable “mass”M(x) to the
torsion square (6.94). As a result, the black hole in general becomes non-static
(6.85).
One can illustrate this process of a restructuring of a black hole by matter
falling into it [9, 41]. Let us consider f(x) = −mδ
(
x−x0
a
)
. In view of (6.87)
and (6.92), this function describes a point-like “impulse” of matter: the field
energy is zero everywhere except for a single moving point (recall that x is a
null coordinate). Then, for (6.95), one obtains
M(x) = M0 +mθ(x− x0). (6.101)
In the region x < x0 we have a static black hole with mass M0, whereas for
x > x0 its mass increases to M0 +m.
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6.4 Conformally non-invariant matter
The above results are restricted to the chiral case and the conformally invari-
ant massless matter sources. Some remarks are necessary for the more general
cases. The non–chiral solutions were obtained in [31] for fermionic and in [33]
for bosonic matter. In general, the resulting system cannot be integrated an-
alytically, and a numeric analysis is needed. It is possible, though, to obtain
exact analytic solutions for certain models with a complicated matter content:
a nonlinear spinor field interacting with scalars, e.g., see the discussion of the
instanton type solutions in [2]-[4].
The lack of conformal invariance does not always lead to serious difficulties.
Let us consider Yang-Mills theory, for example, with an arbitrary in general
non-Abelian gauge group. The dynamical variable is the gauge potential or,
equivalently, the Lie algebra-valued connection one–form AB. The Yang-Mills
Lagrangian is constructed from the corresponding gauge field strength two–form
FB:
LYM = −
1
2
FB ∧ ∗FB. (6.102)
The energy–momentum current attached to (6.102) reads
Σα := eα⌋LYM + (eα⌋F
B) ∧ ∗FB = −
1
2
f2 ηα , (6.103)
where f2 := fBfB, fB = ∗FB. As in the previous cases, the spin current
vanishes, ταβ = 0, since the Lorentz connection does not couple to the Yang–
Mills potential.
Observe that the energy–momentum trace, in contrast to four dimensions,
does not vanish:
ϑα ∧ Σα = −f
2η 6= 0. (6.104)
The results described in Sec. 3 refer only to the conformally invariant case. Thus
one needs a proper generalization for the case (6.104). Quite fortunately, the
situation is greatly simplified due to the constancy of f2. Although, of course,
the Lie algebra–valued scalar field fA is not constant in view of the nonlinear
nature of the Yang-Mills equations
D ∗ FA = d fA + cABCA
B fC = 0, (6.105)
obviously its square is conserved: f2 = const.
As a result, the gravitational field equations (3.21)-(3.23) are modified by a
following simple shift of the cosmological constant:
Λ→ Λ˜ = Λ +
1
2
f2. (6.106)
In particular, the complete integrability of the vacuum system is not disturbed
by Yang–Mills matter, and one again recovers the static black hole solutions
described in Sec. 5.
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7 Black hole solution for general dilaton gravity
In this section we demonstrate that our method also successfully works in the
string motivated dilaton models, cf. [9, 5, 28, 30, 27, 18, 19, 34, 35].
Let us denote the purely Riemannian curvature scalar by a tilde: R˜. In
general, the same notation is used for all geometrical objects and operations
which are defined by the torsion-free Riemannian connection Γ˜αβ (Christoffel
symbols). Let be given, in two dimensions, the gravitational potential ϑα on one
side and a scalar field Φ and a Yang–Mills potential AB = ABi dx
i on the other,
the matter side. These fields are interacting with each other. A corresponding
general Lagrangian two–form reads
Vdil = η
(
F(Φ)R˜+ G(Φ)(∂αΦ)
2 + U(Φ) + J (Φ)(FBij )
2
)
. (7.107)
Here the kinetic terms are constructed from ∂αΦ := eα⌋dΦ and F
B = 12F
B
ij dx
i∧
dxj , respectively. For the string motivated dilaton models, the coefficient func-
tions read:
F(Φ) = e−2Φ, G(Φ) = γ e−2Φ, U(Φ) = e−2ΦU(Φ), J (Φ) =
−e(ǫ−2)Φ
4
,
(7.108)
where γ = 4 and U(Φ) = c in the tree approximation of string theory. A number
of physically interesting models correspond to different values of γ, ǫ, and U(Φ).
7.1 Main result
Locally one can always treat the scalar function Φ as a coordinate on a two-
dimensional spacetime manifold. Denote the second coordinate by λ.
In terms of the local coordinates (λ,Φ), the metric of the general solution of
the gravitational field equation of the model (7.107) reads
ds2 = −4 h(Φ) e−2ν(Φ) dλ2 +
(F ′)2
h(Φ)
dΦ2, (7.109)
where
h(Φ) = eν(Φ)
M0
2
+
Φ∫
dϕ
(
U(ϕ) +
Q20
2J (ϕ)
)
F ′(ϕ) e−ν(ϕ)
 ,(7.110)
ν(Φ) =
Φ∫
dϕ
G(ϕ)
F ′(ϕ)
. (7.111)
Here M0 and Q
2
0 are the integration constants which are related to the total
mass and the (squared) charge of a solution. For completeness, let us give the
solution for the Yang–Mills field:
FB = fB η, fBfB =
(
Q0
J (Φ)
)2
. (7.112)
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The proof of this result, see below, is obtained by the method developed for
two-dimensional PGG.
7.2 Dilaton models and PGG
In two dimensions, torsion is represented by its trace one-form T := eα⌋T
α, see
Table 2. Then the Riemann-Cartan connection decomposes into the Riemannian
and post-Riemannian pieces as follows:
Γαβ = Γ˜αβ − ϑα eβ⌋T + ϑβ eα⌋T = Γ˜αβ − ηαβ ∗T. (7.113)
By differentiation we find a corresponding decomposition of the Riemann-Cartan
curvature. For the Hilbert-Einstein two-form this yields
Rαβηαβ = R˜
αβηαβ + 2 d ∗T. (7.114)
Let us consider the “scalar-tensor” type PGG model with the Lagrangian
V0 = −
1
2
[
ξ(Φ)Tα ∧ ∗T
α + ω(Φ)Rαβηαβ
]
. (7.115)
Here ξ(Φ) and ω(Φ) are the scalar functions which describe a variable grav-
itational “constant” a` la Jordan and Brans-Dicke. Variation of (7.115) with
respect to the connection yields the field equation
ξ(Φ)T = ω′(Φ) dΦ. (7.116)
Hereafter the prime denotes derivative with respect to Φ.
As we see, the torsion trace turns out to be an exact one-form, and the scalar
dilaton field plays a role of its generalized potential. Substituting (7.116) into
(7.114) and (7.115), one finds (dropping an exact form):
V0 = −
1
2
(
ωR˜αβηαβ −
(ω′)2
ξ
dΦ ∧ ∗dΦ
)
(7.117)
= η
(
ω
2
R˜+
(ω′)2
2ξ
(∂αΦ)
2
)
. (7.118)
This is evidently equivalent to the dilaton model (7.107) with
F(Φ) =
ω(Φ)
2
, G(Φ) =
(ω′(Φ))2
2ξ(Φ)
. (7.119)
The equivalence of (7.115) and (7.118) can be also verified by comparing the
relevant sets of field equations.
The scalar-tensor PGG model (7.115) can be straightforwardly generalized
in order to include the potential for the dilation field Φ and a possible interaction
with the matter field Ψ:
Ltot = V + Lmat(Ψ, DΨ,Φ), (7.120)
V = −
1
2
ξ(Φ)Tα ∧ ∗T
α −
1
2
ω(Φ)Rαβηαβ + U(Φ) η. (7.121)
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As we know, for standard matter in two dimensions (scalar, spinor, Abelian
and non–Abelian gauge fields), the spin current is zero, ταβ = 0, and hence
the “second” field equation (7.116), which results from varying the connection,
remains the same for the generalized model (7.121). This fact is the basis of
the equivalence of the scalar-tensor model (7.121) and the general dilaton type
model (7.107) with the same identifications of the coefficient functions (7.119).
The dilaton field potential U(Φ) is taken from (7.107), whereas
Lmat = 2J (Φ)FB ∧ ∗F
B = J (Φ) (FBij )
2 η (7.122)
represents a specific matter field Ψ, with Ψ = AB . In general, we may have a
larger set of matter fields.
7.3 Proof
The explicit construction of the general solution for dilaton gravity, (7.109),
(7.110), and (7.111), is obtained by the same machinery as that developed for
two-dimensional PGG.
Again, we have a Lagrangian which depends on the torsion square t2 and
the curvature scalar R. The gravitational field momenta (3.15) read
P = ξ(Φ), κ = −ω(Φ). (7.123)
The Lagrangian two–form (7.121) can be transformed into the corresponding
Lagrangian density in (3.14): V = − 12 (ξ t
2 + ω R) − U . Hence (3.25) yields
V˜ = 12ξ t
2 − U .
In the absence of matter, which can be enforced in (7.122) by putting
J (Φ) = 0, we immediately obtain the gravitational field equations (3.21)-(3.23)
in coordinate and gauge invariant form:
d(ξ2t2) = 2
(
U(Φ)−
1
2
ξ(Φ) t2
)
d κ, (7.124)
d(ξ∗T ) = 2U(Φ) η, (7.125)
d κ = −ξ T. (7.126)
If a Yang–Mills field is present, its contribution manifests itself in a simple
“deformation” of the potential function U(Φ), similar to the shift of the cos-
mological constant in (6.106). Indeed, taking into account the Yang-Mills field
equation for (7.122),
D(J (Φ) ∗ FA) = d(J (Φ)fA) + cABCA
B J (Φ)fC = 0, (7.127)
where fA := ∗FA, we straightforwardly obtain the first integral
fBfB (J (Φ))
2 =: Q20. (7.128)
With the help of this result, one can prove that the field equations (7.124),(7.125)
are formally the same, if the potential U(Φ) is replaced by
U(Φ) −→ U(Φ) +
1
2
Q20/J (Φ). (7.129)
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In order to simplify the notation, we will treat both cases simultaneously, con-
sidering the system (7.124)-(7.126) with U(Φ) properly defined.
The integration of (7.124)-(7.126) is straightforward. At first, after substi-
tuting (7.123), we immediately obtain a linear equation for ξ2t2,
(
ξ2 t2
)′
=
ω′
ξ
ξ2 t2 − 2Uω′, (7.130)
where the prime denotes a derivative with respect to Φ. Formal integration
yields
− ξ2 t2 = 2 eν(Φ)
M0 + Φ∫ dϕU(ϕ)ω′(ϕ) e−ν(ϕ)
 , (7.131)
ν(Φ) =
Φ∫
dϕ
ω′(ϕ)
ξ(ϕ)
. (7.132)
The construction of the metric can be completed along the lines of our general
method. Namely, since t2 6= 0, one can construct a zweibein from the torsion
one-form T and its dual ∗T . According to (7.126), we may consider either
κ = −ω(Φ) or the the field Φ itself as a first local coordinate. The second
(“time”) coordinate, say λ, is then naturally associated with another leg of the
zweibein,
ξ ∗T := B dλ, (7.133)
with some function B = B(λ, κ(Φ)). Substituting the latter into (7.125) and
taking into account the volume 2–form η = Bξ2t2 dκ ∧ dλ, see (2.12), we obtain
an equation for B:
∂ lnB
∂κ
=
2U
ξ2t2
. (7.134)
On integration
B = B0(λ) ξ
2t2 exp
(∫
dκ
ξ
)
= B0(λ)ξ
2t2 e−ν(Φ), (7.135)
and, again without loss of generality, one can put the function B0(λ) = 1.
Accordingly, the metric finally reads:
g = −
dκ2
ξ2t2
+ ξ2t2 exp
(
2
∫
dκ
ξ
)
dλ2 = ξ2t2 e−2ν(Φ)dλ2 −
(ω′)2
ξ2t2
dΦ2. (7.136)
Recalling the identifications (7.119), which establish the relation between the
dilaton and PGG, we arrive at the result (7.109) by putting h(Φ) := −ξ2t2/4.
Then the equations (7.131) and (7.132) reduce to (7.110) and (7.111), respec-
tively.
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7.4 Concluding remarks
The general solution described in Sec. 7.1 contains all the exact black hole
configurations reported earlier in the literature as particular cases which corre-
spond to specific choices of the coefficient functions F(Φ),G(Φ),U(Φ),J (Φ), cf.
[9, 28, 30, 27, 34], e.g..
The new results are most useful for the investigation of the dynamical picture
of a gravitational collapse for nontrivial matter sources. Of particular interest
is the case of a non-minimally coupled scalar field which describes the semi-
classical correction to the Lagrangian due to Hawking radiation.
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